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Abstract— Differential Evolution (DE) is well known as a
simple and efficient algorithm for global optimization over
continuous spaces. This article provides a simple
mathematical model of the underlying evolutionary dynamics
of a one-dimensional DE. The model relates the search
process of DE with the classical gradient descent search and
also analyzes the convergence behavior of a DE population,
very near to optima.

I. INTRODUCTION

Differential Evolution [1, 2] is a simple real coded
Genetic Algorithm (GA) [3], which shows strikingly
good performance as compared to classical GA or swarm
intelligence based meta-heuristic like Particle Swarm
Optimization (PSO) [4] over several numerical
benchmarks [5]. DE has successfully been applied to
divert domains of science and technology such as pattern
recognition, signal processing, mechanical engineering
design, and chemical process plant optimization [6-11]
etc. As in other evolutionary strategies two main processes
drive the evolution in DE: firstly, the variation process,
which enables exploring the different regions of the search
space and then the selection process that ensures the
exploitation of previous knowledge about fitness
landscape. Although there exists a plethora of works
concerning the empirical study of parameter selection and
tuning process in DE [12-20] and its application to
optimization problems, little research has been undertaken
to model the underlined search dynamics of DE, which
would enable us to understand how and why DE manages
to find the optima of many difficult numerical functions so
fast. A significant work in this direction was reported in
[21] by Zaharie, where she theoretically analyzed the
influence of the variation operators and their parameters
on the expected population variance.

In this article we provide a simple mathematical model
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of DE/rand/1/bin scheme (which is the most popular
variant of DE family [2]). The model attempts to find out
the velocity of each search variable vector towards the
optima over successive generations. It also tries to relate
the search mechanism in DE with that of the classical
gradient descent search technique [22]. Moreover, it
explores the behavior of population members near optima.

II. THE DIFFERENTIAL EVOLUTION ALGORITHM —
AN OUTLINE

Like any other evolutionary algorithm, DE also starts with
a population of NP D-dimensional parameter vectors. We
shall represent subsequent generations in DE by discrete
time steps like t=0, 1, 2 ...t, t+1 etc. Since the vectors are
likely to be changed over different generations we may
adopt the following notation for representing the i-th
vector of the population at the current generation (i.e. at
time t=t) as:

X () =[x;1() x5 (), x; 5 (8)eer X p (1)] (@)
For each parameter of the problem, there may be a certain
range within which value of the parameter should lie for
better search results. At the very beginning of a DE run or
at t = 0, problem parameters or independent variables are
initialized somewhere in their feasible numerical range.
So, if the j-th parameter of the given problem has its lower

and upper bound as X;, ; and X, ; respectively, then

we may initialize the j-th component of the i-th population
members as,

x;,;(0) = xpyy ; + rand ;(0,1).(x X, ) 2)

Where rand;(0,1) is the j-th instantiation of a uniformly
distributed random number lying between O and 1. The
following steps are taken next:

max, j

2.1 Mutation

After initialization, DE creates a donor vector Vg
corresponding to each population member or farget
vector X; ; in the current generation through mutation. It

is the method of creating this donor vector, which
demarcates between the various DE schemes. For
example, five most frequently referred mutation strategies
implemented in the public-domain DE codes available
online at http://www.icsi.berkeley.edu/~storn/code.html
are listed as follows:
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“DE/rand/1”:v, (1) = X, () +F.(sz, ) -X, @) 3.1
“DE/best/17:V, (1) = X 5 (1) + F.(X ; (1) — sz,» (1)) 3.2)

“DE/target-to-best/1”:
Vi) = X; (0 + F (X peyy ()= X; () + FL(X (D= X, (1)

3.3)
“DE/best/2”:
Vit) = Xpoy (D4 FAX (=X, (D) + FA(X,, (=X, (1) (3.4)

“DE/rand/2”:
V=X, 0+ F.(X, (=X () +F.(X , (=X, (1)) (3.5)

The indices r]i,rzi, r3i s rA{ and r5i are mutually exclusive
integers randomly chosen from the range [1, NP], which
are also different from the index i. These indices are
randomly generated once for each mutant vector. The
scaling factor F is a positive control parameter for scaling
the difference vectors. X, is the best individual

vector with the best fitness function value in the
population at generation G. The general convention used
for naming the various mutation strategies is DE/x/y/z,
where DE stands for Differential Evolution, x represents a
string denoting the vector to be perturbed and y is the
number of difference vectors considered for perturbation
of x. z stands for the type of crossover being used (exp:
exponential; bin: binomial). The following section
discusses the crossover step in DE.

2.2 Crossover

Next, to increase the potential diversity of the population a
crossover scheme is undertaken. DE family of algorithms
can use two kinds of cross over schemes namely
exponential and binomial. The donor vector exchanges its

“body parts” i.e. components with the target vector X, ()

under this scheme to form the trial vector U, (t) . We here
outline the binomial crossover scheme, which comes into
play in our present analysis. In this case the crossover is
performed on each of the D variables whenever a
randomly picked number between O and 1 is within the
CR value. In this case the number of parameters inherited
from the mutant has a (nearly) binomial distribution. The
scheme may be outlined as follows:
u; ; (0)=(v; ;(® If (rand;(0,1) < CR) or (j =rm(i))
{xw« (t) If (rand;(0,1) > CR)or (j #rn(i)) (4)

where rand; (0, 1)€ [0,1] is the j-th evaluation of a uniform
random number generator. rn(i) € [L,2,..,D]is a

randomly chosen index which ensures that U, (t) gets at

least one component from V;(¢) . It is instantiated once for
each vector. In this article we have not taken into account
the term rn(i) so that CR may be exactly equal to the
cross-over probability p, .

2.3 Selection

In this way for each target vector X,(¢)a trial vector

U,;(t)is created. To keep the population size constant

over subsequent generations, the next step of the
algorithm calls for ‘selection’ to determine which one of
the target and the trial vector will survive in the next
generation i.e. at time t = t+1. DE actually involves the
Darwinian principle of “Survival of the fittest” in its
selection process, which may be outlined as,

X+ = {U,-(z) if fUO)SfX0)
X0 if fU;®)> f(X;(1) ©)

where f( ) is the function to be minimized. So if the new

trial vector yields a better value of the fitness function, it

replaces its parent in the next generation; otherwise the

parent is retained in the population. Hence the population

either gets better (w.r.t the fitness function) or remains

constant but never deteriorates. The DE/rand/1 algorithm

is outlined below:

Pseudo-code for DE algorithm

Step 1: Set the time-step? = 0, and randomly initialize a
population of NP individuals

P={X,(0),......, X yp (0)} with
X;(0)={x;,(0),......, x; , (0)} and
i =[1,2,....,NP]uniformly  distributed in the

range[X ., X ¢ | -Where
X min ={Xpin 15 Xppinp ) and
Xmax :{xmax,l’ """ ’xmax,D}
Step 2: WHILE stopping criterion is not satisfied
DO

Step 2.1 Mutation Step
FOR i =1toNP
Generate a donor vector

Vi) ={v;; @)smene. ,v;.p(t)} corresponding

to the target vector X, () via one of the
different mutation schemes of DE (equations

(3)).
END FOR
Step 2.2 Crossover Step

Generate a trial vector U, (t) for each target
vector X; ; through binomial crossover

(equation (4)).
Step 2.3 Selection Step
FOR i =1to NP

Evaluate the trial vector U, ()
IF f(U;(t)) < f(X;()), THEN
X, t+D)=U,; (). f(X;(t+D)=fU,;®)
ELSE X,(t+1)=X,(z)

END IF
END FOR
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[II. THE MATHEMATICAL MODEL OF THE POPULATION
DYNAMIC IN DIFFERENTIAL EVOLUTION

In what follows we outline a simple mathematical model
of the dynamics of the parameter vectors of a DE
population over a one-dimensional fitness landscape .The
analysis is based on simple probability theory and
differential calculus .It provides an insight into the search
process developed through DE type mutation and
crossover operators. Although there are a number of
different DE mutation strategies, we confine ourselves to
the most popular one among them - DE/rand/1/bin
scheme for the sake of simplicity of expressions that allow
one to visualize how different operators in DE contribute
to the dynamics of the population. The analysis can be
easily extended to other DE type mutations.

3.1 Assumptions

Suppose f(x), function of single variablex, is to be

Algorithm. Let
(X1, X5 e Xyp} be a set of trial solutions forming the

optimized using the DE

population subjected to DE search where NP denotes the
population size. In order to validate our analysis, we make
certain assumptions, which are listed below:

i. The population of NP trial solutions is limited
within a small region i.e. individual trial solutions are
located very close to each other.

ii. A region of fitness landscape, having moderate value
of gradient at each point, is prescribed as the domain of
the analysis.

iii. Dynamics is modeled assuming continuous time.
Figurel depicts a favorable portion of a one- dimensional
arbitrary objective function for our analysis.

Points on the
f(X) fitness landscape
represent
individual trial
solutions

Figure 1: A DE population dispersed on a one-
dimensional arbitrary fitness landscape

3.2 Modeling Different Steps of DE
Let X, be the m-th individual of the population,

wherem =1(1) NP . It is used as a target vector in a
particular DE iteration. During an iteration of DE, it

undergoes three steps namely mutation, crossover and
selection. Each step is modeled individually and finally
they are merged to get a generalized expression. In the
following analysis, upper case letter denotes random
variables.

Three trial solutions are chosen at random from the
population. Let X, ,X,,,X,; be three trial solutions
(random variables) picked up randomly from population.
Here, we assume trial solutions are drawn with
replacement. i. e. each trial solution chosen at a particular
draw is returned to the population before next draw. This
assumption makes X, ,X,,,X,; independent of each

other.

This means P(X,; =x; 1 X,; =x,)=P(X,; =x;)
SPX,,=x,0nX,; =x)=P(X,; =x)P(X,; =x;)
Where, i, j =1,2,3 and k,l =1(1)NP and i # j

Difference of X ,, X, is scaled by a factor /' and then

X, is added with the scaled difference. Let V,, be the
generated donor vector.

'.‘Vm :Xrl+F(Xr2_Xr3)

For the one-dimensional analysis we omit the restriction
that at least one component of the trial vector must come
from the donor. Hence in this case CR equals the true
probability of the event thatU, =V, . Equipped with

these assumptions we may assert the following theorems:

P.D.F.

/

CR 1 r

Figure 2. Probability density function of r

Theorem 1: The expected value of U 3, can be given by:

EW,*)=(1-CR)x,” + CRQF? + )Var(x)
+CRx,*

6

Proof: From Figure 2, probability of the event r < CR

= P(r £ CR) = Area of the shaded region.
=1XCR=CR.
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Now, r <CR and r > CR are mutually exclusive and Now, similar to the previous one,

exhaustive events. ) 2
~HU," )=FAr>CRx, +

S P(r>CR)=1-P(r<CR)=1-CR NPNPNP

~BU,)=P(r>CRx,+ DO IPLr<SCRA(X, =) N(X,, =) N(X,3=x)))
NPNPNP =tk

DIITPUr<CRA(X,; =) N(Xg =x) N(X,3 =1))} 5

i=1 j=lk=1 {x; + F(x; —x)17]

{x; + F(x; —x;)}] o
Proceeding in the same manner,
Now, we have assumed that mutation and crossover are

. 2y _ g 2
independent of each other i.e. 7 is independent of - E (U )= (1-CR)x,

X, X0, X, fff (5 + F(x; = 1))
i=l j=lk=
P{r<CRA((X, =5) N(X,5 =x)"(X,5 =3,))

N 2
= P <CRP((X, =3) (X, =) (X3 =x,) =B, =01-CRx,"+

1 NP NP NP
.’.E(Um)=P(r>CIO)C,”+P(}’SCM 7NP %:JZ;I;{X +F ()C —xk) +2Fx (X xk)}
NPNPNP
ZZZP{(XA :xi)m(XrZ :Xj)ﬁ(Xr3 :xk)}[xi+F(xj _xk)] = E(U 2) - (1 — CR )x 2
i=l j=lk=1 m
. . NP
X,1,X,,,X,; are independent random variables. CR[(2F? + 1)Lz x> —2F? (NT,Z; x)2]
Hence,
NP NP NP NP NP NP
P{(X, =) (X, =x) (X3 =x) }= PR ETEDIDIPILTE
P(X, = 5)P(X,, = 5,)P(X, = 3,) i=1 j=lk=1 i=1 j=lk=1
~EU,)=Pr>CRx, + NPNPNP  NPNPNP . NENPNP
NPNPNP and Zzle :ZZZXI :ZZZxk
P(r<CHZZZP( = )g)P(X,z—x )HXﬁ—xk)[)Q +F(x xk)] i=1 j=lk=1 i=1 j=lk=1 i=1 j=lk=1
i=1 j=lk=1
1 also X; X NP X Q. x; = NP X;
Now, P(X,| =x;) =P(X,; =x;) = P(X 3 =x;) = NP gyl
NP NP NP NP NP NP
~EU,, )=P(r>CR)x + _ —
NP NP NP EEEXix'f _ééng)% -
P(r<CR)ZZZ [x +F(x; —x)] and ' R
i=1 j=1k=1 N NP NP NP
F 58 {1
i=l j=lk=1
E(U )=(-CR)x,, + EWU. )= CRx.> +
UL L N So, ) AL L LN
CR2F? + D[— x> = (— S )21+ CR(— S x,
S e o ( )[NPZ‘X' (NP;‘X’)] (NP;‘x')
. E(Um)—(l—CR)x +
NP NP NP NP NP NP NP NP NP :E(Umz)=(l—CR)xm2
[ X+ F( X = x )]
p? ;;Z:lkzl zzljzlkzl ,Z:uzlkzl g CR (2F2+1)Var (x)+ CRx mZ
1 NP NP NP 1 ap
CEW) =0, 4 R (5SS Where, Var(x) = Zx 2 and
X;= x; ] 1 ¥
i=1 j=1k=1 = j=lk=1 Xy = ﬁin , and hence the proof.
i=l
~EU,)=(1-CR)x, +CR Z x; Theorem 2: 1f the DE population may be modeled as a
continuous-time, dynamic system, then the expectation
value of the velocity of an individual point on the fitness
~EWU,,)=(1-CR)x, +CRx,, O landscape may be given as:
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By =K cpiar? + yar(o +
dt 8 )

(XGV _Xm)2 }f‘(xm)_'— %CR(xav _xm)

Proof: Let us assume that mutation and crossover occur in
unit time to give rise to off offspring. In selection X, is
replaced by U, if the objective function value forx=U,,

is less than or equal to that for X = X, .This decision-

making is performed using unit step function, which is
defined as follows:

u(p)=11f p=20
=0 otherwise.

Now, let at time  position of m th trial solution be X,

and at 7+ Ar itis changed to x,, +Ax,,

ThCIl, % = u[f(xm) — f(xm i Axm)](Um - xm)
t At
= ﬂ = u[f('xm)_f('xm +Axm) ﬂ](Um _xm)
At Ax,, At

— It Ay, _ Lt M[M%](Um—xm)
N0 A MO Ax,, M

= 11 D gy IOt BT ) By
N0 At Ar—0 Axm N
dx, _ . axy -

=l f () =B, ~ x,,) ®

Now, we have to replace unit step function by logistic
function to carry out the analysis.

Ideally, =1t
cally, u(p)= It —

Let us take a moderate value of k for analysis. Here we
commit some error due to approximation.

1
1+e7*

u(p) =

Now, if p is very small. Then, e =1-kp
[neglecting higher order terms]
1 1 kp.
P) 1

1
su(p) = ~——=—(-Z
(p 1 " 2—1p 2( 5

Again assuming p to be very small and neglecting higher

. . kp . _ .
order terms in expansion of (1—717)I we obtain,

1 k
u(p) ~E+Zp 10)

uix) k=10

- phi(z)

1
Kinfinly F/
.j

Figure 3: The unit step and the logistic functions. Now,
the population has a small divergence.

dx,,

~.U,, —x,, isnot very large and hence is small.

m m

Also we have assumed that fitness landscape has a

moderate slope i.e. ‘ f '(xm)‘ is also small, which in turn

: d
suggests that |f (xm)% is small. Thus from (9) and
(10) we get,
dx 1 k . dx
Sm 21 Sy -
" [2 4f (x) &t 1T, = x)
1
7(Um _xm)
P 2 11
dt

A U, =3,
k . .
Now, Zf (x,)U,, —x,,)| is small

.~.[1+§f'<xm><um — I zl—ff’(xmxvm —x,)fr

om (11) we get,
dx

dx, __k - 24
d[ - 8([Jm xm) f(xm)+

Um_'xm (]2)

xm

Now U, is arandom variable. .. , which is a

function of U - 18 also a random variable.

Let us try to compute its expected value.
dx, k 2 1

E(—)=——f (x,)EU,,—x,))"+—EU,, —x

( dt ) 8 f ( m ) ( m m ) 2 ( m m )

dx, k . 2 2
= E(—")=—f (x,)[EU, ) +x,” —2x,EU,,)]
dt 8 (13)

+ %[E<Um) - 'xm]

Substituting values of E(U,,), E(U mz ) from equation (7)
and (8) to equation (13) we get,
dx k

E(—™)=—Z CR{Q2F? + WVar(x) + (x, — x,)2)f (x,,)
dr 8

1
+ ECR(xu‘, - X,)

and hence the proof.

2008 IEEE Congress on Evolutionary Computation (CEC 2008) 1443



Theorem 3: Let X, denote the centroid (mean of all
NP
points) of the current population and x,, = me . Also

let us denote &, =x,, —x, =deviation of individual

from average. Then expected velocity of the centroid of
the population may be given by,

E(%) __k CRQ2F* + )WVar(x)f,,
dt 8 14

lNP

_7CR(7z€m f (xm +€m))

N L1
Proof: Now, w == — m
roof: X NPl 1 P mz]x
dx,, 1 & 1 ¥dx,
TP DI
dt dt NP ,o NP , = dt
dx 1 & dx 1 &
= E(—2)=E(— my—_—
(dt) (NPZdt) NPZ(

m=l1 m=1

"V_——fR 2F%+1 -x,)2)f
( ) NP( 8C mE_:l{( +DVar(x)+(x,, —x,)°}f (x,)

+%CRZ (xav - xm))

m=1
Now, Z(xav — m )=0
( “‘)
—<—§CRZ{(2F FDVar) + e =5, 1f (5)
m=1
Let us denote £,, = X, — X,, = deviation of individual
from average

Xav 2 L
( ) CR(ZF +1)Var(x)( NP Zf (x,,))

m=1

k o1 -
~ZCR(— }:
8 (NP ’nzl gm f (xlﬂ ))

= By~ K crap? s yvaro| - § )
dt '8 NP = T

——CR(ﬁmzlem f(xp +€,0)

E( av):_gcR (2F2+1)Vdr (x)fav

. " (15)
-ZCR(—Y e, 2 f + €
8 (N 'nz:] m f (xav m ))
, 1 NP
Where, f av =—— z f (x,,) = average of the gradients
NP m=1

for trial solution points on fitness landscape. This
completes the proof.

3.3 Mathematical Analogy between DE and Classical
Gradient Descent Search

From (14) we may infer

d ,
E( ;‘;" )=—apef (i) + Bog (16)

where o/ = —%CR{(ZF2 +1)Var(x) +(x,, —x, )2}
and fpp = %CR()cav —X,,)

Expression (16) has similarity with characteristic equation
of classical gradient descent algorithm. So, DE may be
termed as a modified gradient descent search under certain

constraints. Here —aDEf'(xm) term on the R.H.S. of
(16) is responsible for gradient descent, whereas S,y

represents a component of velocity of a trial solution
towards the mean vector (center of mass) of the
population.

Evidently, when f (x,,) >0,

dx 1
E(Z2my =—CR(x,, —x,
( o ) /BDE 5 ( av )

Now, if the population is not much scattered (x,, —x,,)

is very small. E( im ) -0

So, it converges towards optima. Under these
circumstances, the population members are confined
within a small region of the search space and
hence var(x) -0, x,, —x, — 0 and also¢,, — 0. Thus,

d
from (16) and (17) we get E(%)—)O
1

and ECFay 0.
dr

IV. EXPERIMENT RESULTS

In this section we provide the phase plots (v:ix versus
dt

X plots) for DE/rand/1/bin, which supports the theoretical
results derived in the earlier section. A population of 11
vectors is taken to optimize the single dimensional sphere
function f(x) = x2 using the DE Algorithm. In Figure 4
four phase-trajectories are illustrated for the median
vector (when the population is ranked according to the
final fitness values of the vectors) over four independent
runs (with different initial populations). These phase
trajectories verifies our theoretical finding that near an

optima, the expected velocity E(?) of individual
t

member of population gradually approaches zero.
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Figure 4 (a-d): Phase trajectory of the median order vector (in a
population of size NP = 11) for 4 independent runs (with
different seeds for the random number generator)

V. CONCLUSIONS

Differential Evolution (DE) has been regarded as a
competitive form of Evolutionary Algorithm for function
optimization problems in recent years. In this article we
provide a simple analysis of the evolutionary dynamics
undertaken by each of the population members in
DE/rand/1/bin, which appears as one of the most popular
and widely used variant of the DE. The distribution of the
difference vector under convolution is first considered to
explain why DE works and the implications are given for
optimization. In addition, DE has been modeled as a
modified gradient descent algorithm, which should
provide the further insight into the evolution of the DE
population.

Future research may focus on analyzing the stability of
the DE dynamics based on a stochastic Lyapunov energy
function approach [23].
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